The bosonic representation of the half string ghost in the full string basis is examined in full. The proof that the comma 3-vertex (matter and ghost) in the bosonic representation satisfy the Ward-like identities is established thus completing the proof of the Bose Fermi equivalence in the half string theory.
Introduction
The work of references [1, 2, 3, 4] has generated much interest in the half string formulation of Witten's theory of interacting open bosonic strings. An important role in the formulation of the comma theory is played by the BRST charge Q of the first quantized theory [5, 6] . In general, the BRST invariance of the first quantized theory becomes a gauge invariance of the second theory [7, 8, 9, 10] . In the interacting half string theory, the role of the ghost fields is quite subtle. The rich structure of the ghost sector of the interacting theory deserves more consideration. It is possible to study the ghosts using either bosons or fermions. However, to relate the fermionic ghost formulation to the bosonic ghost formulation, we have to carry a bosonization procedure explicitly [8, 10, 11, 12] . The bosonic and the fermionic realization of the ghost fields for the half string theory have been used before [13, 5] , to write down the ghost part of the three-comma vertex and the proof of equivalence was only addressed partially [12] . Although both formulations give a gauge invariant theory, their equivalence is not at all transparent. It is the purpose of this paper to complete the proof of equivalence for both formulations. The key to the proof as we have seen in the first part of the proof [12] lies on the various identities satisfied by the G-coefficients that define the comma interacting vertex. To complete the proof of equivalence [12] , we have to show that both realizations of the comma vertex satisfy the same Ward-like identities.
2 Writing the half string three vertex in the full string basis
The half string ghost coordinates φ L,R j (σ) are defined in the usual way [13, 12] 
where φ j (σ) is the full string bosonic ghost coordinate and r = 1, 2, .., N (number of strings)
The mode expansion of the left and right pieces reads
φ h,r 2n+1 cos (2n + 1) σ, for 0 ≤ σ ≤ π 2 , h = 1, 2 (2) where h = 1, 2 refers to the left (L) and right (R) parts of the string, respectively.
Like in the matter sector for the half string formulation of Witten's theory for open bosonic strings, in the half-string approach to the ghost part of string theory, the elements of the theory are defined by δ − f unction type overlaps
where V HS,φ
It is to be understood that r − 1 = 0 ≡ 3. The factor Q φ r is the ghost number insertion at the mid-point which is needed for the BRST invariance of the theory [14, 13] and in this case Q φ 1 = Q φ 2 = Q 3 1 = 1/2. As we have seen before in the Hilbert space of the theory, the δ − f unctions translate into operator overlap equations which determine the precise form of the vertex. The ghost part of the half string vertex in the full string basis has the same structure as the coordinate one apart from the mid-point insertions |V HS φ >= e 
where the the matrix elements G rs nm have been constructed in previous work [16] .
In the full string, the fermionic ghost overlap equations are
and
The proof of the bose-fermi equivalence involves two major obstacles. The first is to show that the bosonized half string ghosts, (5) , satisfy the c− and b − overlap equations displayed above. To carry out the proof, the authors [12] , utilized the bosonization formulas
where
The fermionic ghost coordinates of the bosonic string are anticommuting fields
The c + (c − ) are the ghosts for reparametrization of z = τ + iσ (z = τ − iσ), respectively and the b ± are the corresponding anti-ghosts. These obey the anticommutation relations
The fermionic half string ghosts are also defined in the usual way [5] 
and similar expressions for b L (σ) and b R (σ).
In the bosonization of the fermionic coordinates, using the standard procedure (see ref. 17 in ref. 16 ), it is not obvious that all ingredients of the theory employing the bosonic field φ L (σ) and φ R (σ) are equivalent to those constructed using the original Fermi fields appearing in the left hand side of the above relations. It has been shown [12] , that the ghost vertices in the half string operator formulation obey the same overlap equations as the fermionic vertices and are identical. Consequently one is free to use either formulation of the ghost sector of the theory. In fact this statement was only partially true, the authors [12] failed to establish that the half string ghost (plus matter) vertex in the bosonic realization of the ghosts satisfy the same Ward-like identities obeyed by the half string ghost (plus matter) vertex in the fermionic realization of the ghosts. To complete the equivalence between the two realization of the half string ghost vertex, we need to establish the Ward-like identities utilizing the bosonic representation of the half string ghost as well.
The proof of the Ward-like identities
The Ward-like identities for the Witten vertex matter plus ghost [11] in the fermionic representation are given by
where W x+c,r m is the Ward-like operator defined by
The Virasoro generators for both matter and ghost coordinates are given by
respectively. Here m takes integral values greater than 0. If the half string bosonic ghost version of the vertex is equivalent to the fermionic version then it must obey an identity of the form (15) and the anomaly of the ghost part must cancel the anomaly of the coordinate. Our job is thus to show that the half string full vertex (i.e., matter plus ghost) in the bosonic representation satisfies the following identity 
where m > 0. The extra term in (24), that is, the linear term in α φ,r m arises because of the presence of the Rφ term in the action [8] of the bosonized ghosts
or alternatively because of the extra linear term in the ghost energy-momentum tensor
The extra term is needed [8, 14, 13] and must have precisely the coefficient given in (24), so that φ can cancel the Virasoro anomaly of the x µ so that the total Fourier components of the energy momentum
obey the Virasoro algebra
which is free of central charge.
We will show that the comma vertex |V x+φ
HS
>= |V x HS > |V φ HS > indeed satisfies the Ward-like identities stated in equation (22). It is more convenient to recast the comma three-point vertex in the full string oscillator basis [16] .
To express the comma vertex in an exponential form in the creation operators only we need to commute the annihilation part of the ghost mid-point insertion 1 2 i φ r (π/2) in (5) through the creation part of the vertex. The normal mode expansion of the ghost field φ (σ) is at τ = 0
The mid-point of the ghost coordinate is obtained by substituting σ = π/2 in the above expression
where λ n = (n) −1 cos (nπ/2), n = 1, 2, 3, .... Let us first consider the first factor in (5)
where N 1 = exp −3 · 2 3 ∞ n=1 nλ n . In obtaining this result we made use of the well known identity
which is valid when Â 1 ,Â 2 is a C number. The next step is to bring the annihilation part of the mid-point insertions to act on the ghost vacuum. So we need to consider the operator product
where λ n ≡ λ n for n > 0 and λ 0 = 0. To commute the annihilation operators α φ,r n through the creation operators a φ,s −n , a φ,s −m , we note that the exponential of the quadratic form is the Gaussian
where Dx = Using the well known identity
which is valid when Â 1 ,Â 2 is a C number, the above product becomes
With the help of the identities in (35) and (38), the operator product in (34) becomes
Since α φ,r n |0, 0, 0) = 0, the above expression when acting on the vacuum of the three strings gives
Using the identity
and the definition of λ, the above expression becomes
∞ n,m=1 cos (nπ/2) G rs nm cos (mπ/2) . Combining equation (42), (32), and (5), and replacing λ n by (1/n) cos (nπ/2), we find
where N = N 1 N 2 is a constant that can be absorbed in the overall normalization constant. Before we could apply the Virasoro to the vertex we need first to commute the annihilation operators in the Virasoro generators through the ghost insertions. Thus we need to consider
If we write α φ,r n as α φ,r n = (∂/∂ρ r n ) exp
and use the operator identity in (33), then the above expression becomes
where n = 1, 2, 3, .... For p φ,r 0 , we have
Thus we see that the effect of commuting the annihilation operators in the Virasoro generators through the ghost insertions results in a shift of the annihilation operator in the Virasoro generator by
for n = 1, 2, 3, ..., and
Notice that this shift is independent of the string index r.
To commute the annihilation part of the α operators in the Virasoro generators L, we need to commute α r n through the creation part of the vertex; that is; we need
The above expression may be written as
The expression inside the curly brackets is identical to equation (34) with ρ s m replacing − 1 2 λ n ; thus the result can be obtained from (39) with ρ s m replacing − 1 2 λ n ; hence the above expression becomes
So we have succeeded in commuting the annihilation operator α φ,r n through the creation part of the vertex. Since α φ,r n annihilates the ghost part of the vacuum of the three strings, then
and equation (51) becomes
where n, m = 0, 1, 2, 3, .... In fact this relation is equivalent to the φ and p φ overlaps on V HS
. This identity will be very useful as we shall see shortly in commuting all the annihilation operators α φ′ s in the
Let us first commute L φ,r m through the ghost insertions. Using the identities in (47) and (48), we find
where m = 1, 2, .... In obtaining the above result we made use of the fact that
Observe that the quadratic part 1 (i.e., the expression in the first square bracket L φ,r m + 3 2 mα φ,r m ) is identical to Virasoro generator for the orbital part L x,r m . Thus its action on V HS
123 is identical to the action of L x,r m on the coordinate part of the vertex because V HS φ α φ,1 † , α φ,2 † , α φ,3 † and V HS x α 1 † , α 2 † , α 3 † has exactly the same structure. The expression in the second square brackets is linear in oscillators and the expression in the third square brackets has no oscillators. We still need to compute the effect of passing the expression in the second brackets through the exponential of the quadratic form in the ghost creation operators. But before we do that let us first see the effect of passing L φ,r −m through the mid-point insertions. Since L φ,r −m ≡ L φ,r † m , then taking the adjoint of (24), we find
where m = 1, 2, .... Once more the quadratic 2 inside the first square bracket; that is, L φ,r −m + 3 2 mα φ,r −m is identical to the orbital part of the Virasoro generator L x,r −m and so its effect on the exponential of the quadratic form in the ghost creation operators is the same as the action of L x,r −m on the orbital part of the vertex. The effect of the expression in the second square brackets needs to be computed which we shall do later. For the zero mode of the ghost Virasoro generators, we find
Once again the expression inside the first square brackets is identical to that for the orbital zero mode of the Virasoro generator L x,r 0 ; hence its action is the same as that of L x,r 0 on the orbital part of the vertex. The second and the third expressions in the second and the third square brackets have no similar terms in the orbital part L x,r 0 . Using equations (53), (54), and (55) to commute the ghost part of the Ward-like operator through the mid-point insertions, we find
It is important to notice that W φ,r m (2) has precisely the same structure as the orbital part W x,r m of the Ward-like operator. Thus its action on V HS φ α φ,1 † , α φ,2 † , α φ,3 † |0, 0, 0) φ is identical to the action of the orbital part of the Ward-like operator on the orbital part of the vertex. The action of W x,r m on the orbital part of the vertex may be computed with the help of the results obtained in [13] . Thus, the anomaly of the quadratic part W φ,r m (2) is
We have seen in appendix B, that G rr nm vanish for all n + m = odd (this is a consequence of the cyclic property of the G coefficients); hence the above expression reduces to
The closed form of the finite sum may be obtained by considering the first few values for m. For m = 2, we have
From ref. [16] , we have
The explicit values of E a 1 and E b 1 were considered by many authors [15, ?, 12, 18, 16] . Thus using these values and the values of a 1 = 2/3 and b 1 = 4/3, we find
and so we find
For m = 4, equation (60) gives
The values of G's are given by [15, ?, 12, 18, 16] G rr 13 = G rr 31 = 2 5 3 6
and 
Continuing this way we see that for m = even, the finite sum in (60) has the value
Thus we obtain
The anomaly for the quadratic coordinate piece has been evaluated by many authors [15, 11, 12, 18, 16] in the critical dimension D = 26. This result provides a nontrivial consistency check on the validity of the half string theory. Now we proceed to consider the Linear part of the Ward-like operator. Using the identity in (52), we can commute the Ward-like operator W φ,r m (1) through V HS φ α φ,1 † , α φ,2 † , α φ,3 † >, skipping some rather simple algebra, we find
Making the identification α φ,s 0 = p φ,s 0 and then using the fact that
the above expression becomes 
If we now let k + n −→ q in the double sum ∞ (to see the last equality you only need to expand both sides and compare terms), we obtain (m − n) G rs m−n 0 cos π n 2 (81)
The identities in (80) and (81) are identical to those obtained Hlousek and Jevicki [11] for the full string. In obtaining equation (79) we have labeled the dummy index q as n. Thus to establish that
we need to prove that
We observe that for k = 0, the states α φ,s −k V HS φ α φ,1 † , α φ,2 † , α φ,3 † |0 > φ 123 are all linearly independent for s = 1, 2, 3 and k = 1, 2, ..., thus the only way for this part to vanish is for Ω rs mk to be identically zero for all values of s = 1, 2, 3 and k = 1, 2, ... That is we need to show that Ω rs mk = 0 (85)
is true for all values of r, s = 1, 2, 3 and k, m = 1, 2, ... For the second part we need to prove that 3 s=1 Ω rs m0 p φ,s 0 = 0 (86) for m = 1, 2, ... Using the conservation of momentum (or more precisely the ghost number conservation) to eliminate 3 p φ,3 0 , we see at once that to establish the above equation we only need to show that the following identities
are satisfied for r = 1, 2, 3, m = 1, 2, ... To prove that Ω rs mk in equation (80) vanish for all values of r, s, m, k is quite cumbersome. Unfortunately, it appears to be no short cuts in proving Ω rs mk = 0 and so we are forced to prove that Ω rs mk = 0 by brute force. The identities in (87) and (88) may be proven with the help of the properties of the coefficients G rs nm and N rs nm [15, ?, 12, 18, 16] . First let us concentrate on the identities in (87) For r = s, we have G rr odd even = N rr odd even = 0, and so the above expression vanish since for n = even, G rs 2k+1−n 0 = 0 and for n = odd, cos πn/2 vanish. Thus for r = s, we have Ω rr 2k+10 = 0 It follows from the above identity and (87) and (88) that to prove the identities in (87) and (88) for m = odd = 2k + 1 > 0, we have to establish that Ω 12 2k+1,0 = Ω 23 2k+1,0 = Ω 31 2k+1,0 = Ω 13 2k+1,0 = Ω 32 2k+1,0 = Ω 21 2k+1,0 = 0 (90)
It is not hard to check that the above identities are satisfied for 2k + 1 = 1, 2, 3, .., by explicit substitution. The proof for a general value of 2k + 1, can be established by mathematical induction. We have proved that in fact these identities are satisfied for all values 2k + 1; however to present the proof here for all cases will occupy too much space. To illustrate the proof we will present here the complete proof for one of them. Let us consider Ω 13 2k+1,0 = 0 (91) From (89) we have
From [16, 15] , we have
And so the above equation becomes
To proceed further, we need to eliminate either b or a from the above expression. This can be established with the help of the mixed recursion relation
which can be established with the help of contour integration [16] . Thus setting n = 2k + 1 in the recursion relation and substituting for b 2k+1 , the above expression in (95) reduces to
The expression inside the square bracket can be shown to vanish for all values of k = 0, 1, 2, 3, ... with the help of the recursion relation [16] 2 3 a n = (n + 1) a n+1 − (n − 1) a n−1 (98)
To see this we set n = 2k+1 in the above recursion relation and then substituting in (97) to obtain
Setting n = 2k − 1 in (98) and then substituting in (99), we find
At this point it is not hard to show by explicit substitution that both expressions inside the square brackets in (99) and (100) vanish for k = 0, 1, 2. Now we assume that both expressions inside the square brackets in (99) and (100) vanish for k. We let k → k + 1 in (100) so that the expression inside the square bracket of (100) becomes
Letting 1 − m = n, and then letting n → −n, the above expression becomes
where the second equality follows from the fact that the expression inside the square bracket in (99) vanishes for all values of k. Thus the expression inside the square bracket in (100) vanishes identically by mathematical induction and the desired result follows at once. In fact using this procedure we have checked that all the identities in (90) are satisfied.
For the case of m = even, one can show using similar procedure to the one used to establish (90) and the following properties of the G and N coefficients [15, ?, 12, 18, 16] 
Using the values of the G and N coefficients [15, ?, 12, 18, 16 ]
Now to prove (105), we have to show that the expression inside the square bracket in the above expression vanish for all k. The proof is very similar to the proof of the identities in (90). We can use the mixed recursion relation in (96) to eliminate b 2k from the expression inside the square bracket on the right hand side of the above equation, then with the help of the recursion relation in (98) one can show, by mathematical induction, that
for all values of k. Consequently the identity in (105) follows at once. We still need to prove the identity in (85). Unfortunately this identity is quite difficult to prove; the difficulty arises because of the finite sums over the G and N coefficients. There is no obvious way of proving this identity in a clean way other than by brute force. However let us start by working out few specific cases. We first consider Ω rs 11 . letting m = k = 1 in (80) we have Ω rs 11 = −δ rs − G rs 11 + 2 N rs
11
(109) For r = s; we have G rr 11 = −5/3 3 and N rs 11 = 11/3 3 , so the right hand side of the above equation vanish for r = s. Thus Ω rr 11 = 0 for r = 1, 2, 3. For r = 1, s = 2, 3, we have G 12 11 = G 13 11 = 2 4 /3 3 , N 12 11 = N 13 11 = 2 3 /3 3 . Using these values we see that −δ rs − G rs 11 + 2 N rs 11 = 0 for r = 1, s = 2, 3 and so we have Ω 12 11 = Ω 13 11 = 0. The cyclic symmetries of G rs nm and N rs nm now imply that the right hand side of (109) also vanish for (r, s) = (2, 3), (3, 1), (3, 2) and (2, 1). Thus we have established that Ω rs 11 = 0 for all r and s. We will work out few more case; however in what follows we shall not refer to the exact equations explicitly for the G rs nm and N rs nm coefficients [15, ?, 12, 18, 16] and it will not be much of a task for the reader to look them up. Let us next consider the case when k + m = odd. At this point we can use the explicit values [15, 11, 12, 18, 16] of the G 12 2n 2k+1 , G 12 2m 2k+1 , N 12 2m 2n−1 and N 12 2m 2k+1 coefficients and carry the calculation to the end however this will take too much space. So at this stage let us work out specific cases. For m = 1, k = 0, the above expression becomes
Since G 12 2 1 = 2 5 /3 4 √ 3, N 12 2 1 = −2 3 · 5/3 4 √ 3, the right hand side of the above equation is identically zero. Hence, we have established that Ω 12 2 1 = 0. For m = 1, k = 1, equation (111) gives
The G and N are given by [15, 11, 12, 18, 16] 
Substituting these values in the above expression yields Ω 12 2 3 = 0. From these examples, we see that the difficulty involved in constructing a general proof of these identities. However, we still can describe the steps involved in the proof and give some of the details. Using the G rs nm and N rs nm coefficients, one can show that the only nontrivial identities in (85) are the following four
and all the other identities are either trivially satisfied or can be deduced from these four identities. To illustrate the proof of the above identities we consider Ω 12 2m 2k+1 . Substituting the explicit values [15, 12, 18, 16, 11] for the G and N coefficients
into equation (111) , and skipping some algebra we obtain
At this stage we have checked by explicit substitution of the a's and the b's that the right hand side vanish for the first few low values of m and k. Theses consistency checks are important to ensure that we are on the right track. Now we use the mixed recursion relation in (96) to eliminate the b' in favor of the a's; hence using (96), the expression becomes
At this point we have checked by explicit substitution that the right hand side is zero for the first few values of m and k. So we will prove this identity by mathematical induction. Let us assume the right hand side of the above equation vanish for given m and k, then for m → m + 1 and k → k + 1, the right hand side (RHS) reads
This expression reduces to the right hand side of (116). To see this one needs only to use the recursion relations in (98), to reduces the indices to those appearing in (116). We have checked that this is indeed true, however the calculation is quite messy to include here, otherwise straight forward. Thus the right hand side of (116) vanish identically by induction for all values of m and k. Likewise one can prove the remaining identities; the procedure is straight forward but it takes countless number of pages and so we shall not include any more details here.
BRST invariance
The full Ward-like identity now reads 
We have seen that the coordinate and the ghost anomaly cancel; thus the above equation contain no anomaly term. The K m invariance of the comma interaction three vertex follows at once from the Ward-like identity. Summing over the string index r, we have 
The expression inside the square bracket in the above equation is by definition the Virasoro generator K m . Thus |V x+φ HS > is invariant under the subgroup of conformal transformations, generated by the Virasoro generators
To complete the proof of equivalence, we still need to show the BRST (Q) invariance of the comma three vertex. Unfortunately a direct proof that follows from equation (117) is quite cumbersome due to the presence of the 1 2 L φ,r m term in the definition of the BRST charge. Thus we need to evaluate the action of the BRST on the comma three vertex directly. Recall that the total three string BRST charge is the sum of the BRST charges corresponding to the individual strings; that is, Q = 
To evaluate the action of BRST charge on the full comma three vertex we use the c-overlaps satisfied by the half string ghost vertex [15, 6] With the help of (123), the proof of the BRST invariance follows along the same lines of references [15, 6] . Thus when acting with the BRST charge on the full half string vertex, the operator parts cancel, leaving The expression inside the second parenthesis can be computed easily and it is found to be the anomaly of the fermionic ghost [15, 6] . Thus the coefficient of c r −m is κ x,r m + 1 2 κ φ,r m + 1 2 κ c,r m = 0 (125)
where in obtaining the above result we used the fact that the coordinate anomaly is the negative of the ghost anomaly regardless of the ghost representation. This result is the final step in the proof of equivalence.
A Sums of the first type 
